
The 5th Math Fest. Khon-Kaen, Dec 23, 2023



Little Tasks

How many 3-digit numbers are there in total?      900

How many 3-digit numbers are there 
if all the digits are odd?  (e.g. 379 or  911 but not 247)      125

How many 3-digit numbers are there 
if all the digits are even?  (e.g. 244 or 806 but not 241)      100

How many 3-digit numbers are there if all the
digits are different?  (e.g. 564 or 805 but not 447)     648



Combinatorial multiplication rule

How many ways are there to make a boy-girl pair            25
if there are 5 girls and 5 boys?                                       

How many pairs could be made of those 10 in total?       45

How many diagonals does a 7-gon have?                            14



Let’s paint a fence using the multiplication rule

How many ways are there to paint a fence of 5 poles having 6 
colors?   



Let’s paint a fence using the multiplication rule

How many ways are there to paint a fence of 5 poles having 6 
colors?   



Painting the Fence

How may ways are there to do 
the same but using at least 2 
colors? 





Painting a Ferris Wheel

How many ways are there to paint a Ferris wheel of 5 cabs 
using at least 2 colors out of 6? 



Painting a Ferris Wheel

First idea says it should be

the same as with the fence: 

But…



It can rotate!

These paintings are not different. They are the same. 
So 5 matching paintings really give only 1 pattern.



It can rotate

So, the correct answer is not                 but
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Pierre de Fermat and his Little Theorem





Why prime numbers only?

What if p is not prime? Let’s check for p = 8. The whole point is
the rotation. Let’s paint the wheel as shown below and begin
spinning it. Firstly all goes alright…



Why prime numbers only?

but as we moved the wheel 5th time we see that it coincided
with the first painting. So in this case not 8 but only 4
paintings should be put together into one pattern. That’s
the problem with non-prime numbers: they have other
divisors apart from 1 and itself.



We proved the theorem!

The number of all paintings is exactly

where n is a number of available colors 

and p is a prime number of the cabins.

But the number of paintings can’t be fractional. It must be 
whole. The theorem is proved.



Fermat’s Little Theorem

If p is a prime number and n –
any natural, then

is divided by p.

If n is not a multiple of p, then  

is divided by p.

Pierre de Fermat. 1640.

His solution was long and complicated. We found how to prove 
it just painting fences and ferris wheels.




